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Abstract
This paper describes a network crossover operator based on knowledge gathered from either
prior problem-specific knowledge or linkage learning methods such as estimation of distribution
algorithms (EDAs). This operator can be used in a genetic algorithm (GA) to incorporate
linkage in recombination. The performance of GA with network crossover is compared to that
of GA with uniform crossover and the hierarchical Bayesian optimization algorithm (hBOA)
on 2D Ising spin glasses, NK landscapes, and SK spin glasses. The results are analyzed and
discussed.
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Introduction

It has been argued that to solve many difficult classes of problems in a robust and scalable manner,
variation operators of genetic algorithms (GAs) must respect linkages between variables (Goldberg, 2002). Unfortunately, conventional variation operators of GAs often break up important
linkages (Goldberg, 2002). To help remedy this problem, competent linkage learning GAs such as
estimation of distribution algorithms (EDA) (Baluja, 1994; Mühlenbein & Paaß, 1996; Larrañaga
& Lozano, 2002; Pelikan, Goldberg, & Lobo, 2002) have been developed. EDAs work by building a probabilistic model of promising solutions and sampling new candidate solutions from the
build model. While EDAs have many advantages over standard GAs (Larrañaga & Lozano, 2002;
Pelikan, Sastry, & Cantú-Paz, 2006), the model building is often computationally intensive, and
much of the work in EDAs focused on alleviating this bottleneck through efficiency enhancement
techniques (Cantú-Paz, 2000; Schwarz & Ocenasek, 2000; Pelikan, 2005).
Often, though, practitioners have prior information about the problem being solved. For example, in graph-based problems we are implicitly given a guide to the strongest dependencies in a
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problem. In addition, linkage learning algorithms can also be used to find the structure of the problem by mining their generated models (Hauschild, Pelikan, Sastry, & Goldberg, 2008; Hauschild &
Pelikan, 2009). The key question is, how do we exploit this information in practice?
One way to do this is to modify the crossover operator in a GA to better respect the strongest
linkages in the underlying problem structure. This paper discusses a network crossover operator that
works with a user-specified network graph to determine which bits are exchanged. We compare
the performance of GA with network crossover to that of GA with uniform crossover and the
hierarchical Bayesian Optimization Algorithm (Pelikan & Goldberg, 2001; Pelikan, 2005), which
is one of the most powerful linkage learning GAs. All algorithms are tested on a broad range of
problems of different structure known to be hard for standard evolutionary algorithms.
The paper is organized as follows. Section 2 describes the network crossover operator used in
this paper. Section 3 outlines the algorithms tested. Section 4 describes the test problems used in
this paper. Section 5 presents the experimental results. Finally, section 6 summarizes and concludes
the paper.
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Network Crossover

While uniform crossover is effective at solving many problems (Goldberg, 1989), it can often become
highly ineffective because it processes each bit independently of others and is unable to consider dependencies between problem variables (Thierens, 1999). In many cases it is desirable that crossover
preserves combinations of values of variables that depend on each other while it effectively exploits
independencies of other variables to ensure effective mixing (Thierens, 1999). The operator in this
paper tries to do this by using a fixed network of assumed dependencies between problem variables.
Any two-parent crossover operator starts by creating a mask, which defines what bits to exchange. For example, in uniform crossover, the mask is generated at random by setting each bit to
0 or 1 with equal probabilities. The parents exchange their k-th bit if and only if the mask contains
a 1 in position k. In this paper we show how we can create a specialized mask that respects problem
structure encoded in a network of dependencies.
The network crossover requires an n × n incidence matrix G that specifies the strongest dependencies between bits. Specifically, denoting the element in the ith row and jth column of G by Gi,j ,
bits in locations i and j depend on each other if Gi,j = 1, whereas they are independent if Gi,j = 0.
Note that a similar representation of dependencies in a problem is used in the dependency structure
matrix GA (DSM-GA) (Yu, Goldberg, Sastry, Lima, & Pelikan, 2009). While the network does
require information from the practitioner, it does not require in-depth knowledge of the strength
of interactions. For graph problems, such as graph-bipartitioning or graph coloring, this graph
G is inherent to the problem definition. For problems like MAXSAT and Ising Spin glasses, it
is straightforward to specify such a structure from the additive decomposition of these problems.
One may also run an EDA on trial instances of the problem to learn promising network structures
as suggested in (Hauschild, Pelikan, Sastry, & Goldberg, 2008). The key point to remember when
constructing G is that it is not necessary to specify the entire problem structure, but only the
strongest dependencies or linkages.
Given the network G, a crossover mask m is then built as follows. First a random bit i is
selected. This bit is then added to the crossover mask by setting mi = 1. Then a randomized
breadth-first search is performed on the network G, setting each corresponding bit in m to 1, until
m reaches the desired size. If the breadth-first search ends before the desired size is reached, an
additional random starting point is selected and the process repeated. This results in a crossover
mask that should most often disrupt bits that are not connected in the underlying network defined
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by G.
The idea of using a network of dependencies to modify two-parent recombination operators is
not new and has been inspired by past work (Drezner & Salhi, 2002; Drezner, 2003; Stonedahl,
Rand, & Wilensky, 2008). Our variant of network crossover most closely resembles the work by
Stonedahl (Stonedahl, Rand, & Wilensky, 2008) where the mask was built using a random walk
through the network structure. On the other hand, we use the breadth-first search to emphasize the short range dependencies, since these dependencies were found to be strongest in prior
work (Hauschild, Pelikan, Sastry, & Goldberg, 2008). However, our work is not an attempt to
improve on this operator, but rather to perform a systematic study of network crossover on a broad
range of problems.

3

Tested Algorithms

The genetic algorithm (GA) (Holland, 1975; Goldberg, 1989) evolves a population of candidate
solutions typically represented by binary strings of fixed length. The initial population is generated
at random according to the uniform distribution over all binary strings. Each iteration starts by
selecting promising solutions from the current population; in this work we use binary tournament
selection without replacement. New solutions are created by applying variation operators to the
population of selected solutions. These new candidate solutions are then incorporated into the
population using a replacement operator. The run is terminated when either when the global
optimum has been found or after a maximum number of iterations.
Instead of using crossover and mutation to create new candidate solutions, hBOA learns a
Bayesian network with local structures (Pelikan & Goldberg, 2001; Pelikan, 2005) as a model of
the selected solutions and generates new candidate solutions from the distribution encoded by this
model. Using Bayesian networks to generate new candidate solutions ensures effective processing
of partial solutions in the class of nearly decomposable and hierarchical problems (Pelikan, 2005),
including many problems that cannot be efficiently solved with standard two-parent crossover
operators (Pelikan & Goldberg, 2001; Pelikan, 2005).
In both GA and hBOA, a deterministic hill climber (DHC) was incorporated to improve performance. DHC takes a candidate solution represented by an n-bit binary string on input. In each
iteration, DHC evaluates all possible one-bit flips and chooses the one that leads to the maximum
improvement of solution quality. DHC is terminated when no single-bit flip improves solution quality and the solution is thus locally optimal. Initially, experiments without DHC were considered,
but for all settings tested, DHC dramatically improved performance.

4

Test Problems

In concatenated traps of order 5 (trap-5) (Ackley, 1987; Deb & Goldberg, 1991), the input string is
partitioned into independent groups of 5 bits. This partitioning is unknown to the algorithm and
it does not change during the run. A 5-bit fully deceptive trap function is applied to each group of
5 bits and the contributions of all trap functions are added to form the fitness. The contribution
of each group of 5 bits is given by

5
if u = 5
trap5 (u) =
,
(1)
4−u
otherwise
where u is the number of 1s in the input string of 5 bits. The task is to maximize the function. An
n-bit trap5 function has one global optimum in the string of all 1s and (2n/5 − 1) other local optima.
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Traps of order 5 necessitate that all bits in each group are treated together, because statistics of
lower order are misleading.
An NK fitness landscape (Kauffman, 1989) is fully defined by the following components:
(1)
Q
The number of bits, n, (2) the number of neighbors per bit, k, (3) a set of k neighbors (Xi ) for
the i-th bit, Xi for every i ∈ {0, . Q
. . , n − 1}, and (4) a subfunction fi defining a real value for each
combination of values of Xi and (Xi ) for i ∈ {0, . . . , n − 1}, with each subfunction defined as a
lookup table.
In this paper we consider two classes of NK landscape instances: (1) Unrestricted NK landscapes
and (2) nearest-neighbor NK landscapes. In unrestricted NK landscapes, thet set of k neighbors
for each string position Xi is selected at random according to the uniform distribution of all subsets
of k bits. Then, a lookup table defining each fi is generated using the uniform distribution over
[0, 1). In this paper we consider unrestricted NK landscapes with k = 5; the considered class
of NK landscapes is NP-complete (Wright, Thompson, & Zhang, 2000). In nearest-neighbor NK
landscapes, the bits are arranged on a circle and the neighbors of each bit are restricted to the k
bits that follow this bit in the circle. The bit positions are shuffled randomly in order to eliminate
tight linkage. Nearest-neighbor NK landscapes are solvable in polynomial time. The algorithm
used to solve nearest-neighbor NK instances is based on refs. (Pelikan, Sastry, Butz, & Goldberg,
2006; Pelikan, Sastry, Goldberg, Butz, & Hauschild, 2009). The branch and bound algorithm used
to solve unrestricted NK landscapes is based on ref. (Pelikan, 2008).
Ising spin glasses (Mezard, Parisi, & Virasoro, 1987) are prototypical models for disordered
systems. A simple model to describe a finite-dimensional Ising spin glass is typically arranged on a
regular 2D or 3D grid where each node i corresponds to a spin si and each edge hi, ji corresponds
to a coupling between two spins si and sj . Each edge has a real value Ji,j associated with it that
defines the relationship between the two connected spins. To approximate the behavior of the
large-scale system, periodic boundary conditions are often used that introduce a coupling between
the first and the last elements in each row along each dimension.
For the classical Ising model, each spin si can be in one of two states: si = +1 or si = −1.
Given a set of coupling constants Ji,j , and a configuration of spins C, the energy can be computed
X
as
E(C) = −
si Ji,j sj ,
(2)
hi,ji

where the sum runs over all couplings hi, ji. The task is to find a spin configuration for a given
set of coupling constants that minimizes the energy of the spin glass. The states with minimum
energy are called ground states. Here we consider the ±J spin glass, where each spin-spin coupling
is set randomly to either +1 or −1 with equal probability. The ground states of the instances were
obtained from the Spin Glass Ground State Server at the Univ. of Cologne (Spin Glass Ground
State Server, 2004).
The Sherrington-Kirkpatrick (SK) spin glass (Kirkpatrick & Sherrington, 1978) is described by
a set of spins si and a set of couplings Ji,j between all pairs of spins. Thus, unlike the 2D spin
glass model, the SK model does not limit the range of spin-spin interactions to only neighbors in
the lattice. The goal is to find ground states for the given coupling constants.
Here we consider two types of random instances of the SK model. The first type uses couplings
generated from the Gaussian distribution with zero mean and unit variance N (0, 1). The second set
of SK instances are one-dimensional spin glasses with power-law interactions (Katzgraber, 2008)
where the spins are arranged equidistantly and numbered counterclockwise on a circle with circumference n. While all spins interact with each other, the interactions between spins located further
from each other are weaker. The effects of distance are controlled with a parameter σ; in this paper
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we examine instances with σ = 2, which gives the model short ranged behavior. Both types of SK
spin glasses are NP-complete (Barahona, 1982).
To find guaranteed ground states, a branch-and-bound algorithm adopted from ref. (Hartwig,
Daske, & Kobe, 1984) was used for the smaller instances. For larger systems, the populationdoubling approach from ref. (Pelikan, Katzgraber, & Kobe, 2008) was used.
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5.1

Experiments
Experimental Setup

For trap-5, problem sizes of n = 100 to 300 with step 10 were examined and G was constructed by
setting Gi,j = 1 if and only if i and j were in the same trap partition. For nearest-neighbor NK
landscapes, problem sizes of n = 30 to 210 with step 30 were considered and for unrestricted NK
landscapes, problem sizes of n = 20 to 38 with step 2 were used. For NK landscapes of all types,
k = 5 and G was constructed by setting Gi,j = 1 if and only if i and j were neighbors. For 2D Ising
spin glasses, problem sizes of n ∈ {256, 324, 400, 484, 576} were examined and G was constructed
by setting Gi,j = 1 if and only if i and j were neighbors in the underlying spin glass lattice.
For one-dimensional spin glasses with power-law interactions, problem sizes of n ∈ {100, 150, 200, 300}
were examined with σ = 2. For the standard SK spin glass, only two problem sizes were considered,
n = 300 and 400. For all SK instances, G was constructed by connecting each node i to a fixed
number m of spins with the strongest magnitude of couplings with i. For example, for m = 4, i
was connected to four other spins that have the strongest couplings with i. For the experiments
with network crossover, m ∈ {1, . . . , 7} were examined.
hBOA and GA with both uniform crossover and network crossover were applied to all problem
instances. For GA runs, bit-flip mutation was used with a probability pm = 1/n. The probability
of crossover was set to pc = 0.6. To effectively maintain population diversity, new solutions were incoroporated into the old population using restricted tournament replacement (RTR) (Harik, 1995).
The window size in RTR was set as w = min{n, N/5} where n is the problem size and N is the
population size as suggested in ref. (Pelikan, 2005).
For all problem types except for trap-5, 1000 random instances for each problem size were
tested. Bisection (Pelikan, 2005) was used to determine the minimum population size to ensure
convergence to the global optimum in 10 out of 10 independent runs for each instance. For trap-5,
bisection was run 10 times to obtain more reliable results. Each run was terminated when the global
optimum had been found or when the maximum number of generations n × 4 had been reached.
Three results were compared for all solved instances: the number of evaluations, the number of
steps of DHC, and the total execution time in seconds.

5.2

Experimental Results

The number of evaluations, the number of DHC flips, and the execution time to solve trap-5 is shown
in figure 1. GA with network crossover clearly performed the best. This is to be expected as the
network crossover will disrupt much fewer trap partitions than other algorithms and, unlike hBOA,
network crossover is given the correct problem decomposition on input. hBOA scales similarly as
GA with network crossover, indicating that hBOA can learn the problem decomposition scalably.
GA with uniform crossover performs very poorly.
Figure 2 shows the performance of the three compared algorithms on nearest-neighbor NK
landscapes. hBOA is the best performing algorithm with respect to the number of evaluations.
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Figure 1: Results on trap-5.
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Figure 2: Results on nearest-neighbor NK landscapes with k = 5 neighbors.
However, GA with network crossover is best with respect to the total execution time and the
number of DHC steps. GA with uniform crossover is again the worst performer, scaling much
worse than the other algorithms.
The results on unrestricted NK landscapes are shown in figure 3. With respect to the number
of evaluations, hBOA is clearly the best performing algorithm and GA performs approximately
the same regardless of the crossover operator used. With respect to the number of local search
steps, while hBOA starts off performing poorly, it scales better than GA with uniform or network
crossover. With respect to the total execution time, the results are mixed and all algorithms seem
to scale about the same.
The performance of the three compared algorithms on 2D Ising spin glasses is shown in Figure 4. We see that hBOA strongly outperforms the other algorithms with respect to the number of
evaluations and local search steps. However, due to less overhead, GA with network crossover has
very similar execution times, although it scales slightly worse compared to hBOA as the problem
size increases. GA with uniform crossover is shown to have quite poor performance.
Selected experimental results on the one-dimensional SK spin glasses are shown in figure 5. We
see that GA with uniform crossover is the worst performing algorithm. GA with network crossover
with m = 3 (each node in the network is connected to 3 other bits), performs worse than hBOA.
For m = 5, while GA with network crossover is the best performer in terms of the execution time
for the smaller problem sizes, hBOA shows superior scaling. The results for other values of m were
omitted as m = 5 was the best performing value found.
Table 1 shows the results of the three compared algorithms on unrestricted SK spin glasses.
For network crossover, the best value of m is used for each value of n. In contrast to all previous
results, for SK spin glasses hBOA is the worst performing algorithm with respect to the growth of
the execution time with problem size. For n = 300 GA with network crossover (m = 3) performed
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Figure 4: Results on 2D Ising spin glasses.
best, whereas for n = 400 GA with uniform crossover performed best.
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Summary and Conclusions

This paper described a network crossover operator which can be used to incorporate problemspecific knowledge about dependencies between problem variables into a GA. Performance of GA
with the described crossover operator was then compared to GA with uniform crossover and the
hierarchical BOA (hBOA) on a number of challenging problem instances from several problem
classes.
On most problems, hBOA and GA with network crossover outperformed GA with uniform
crossover. This result is not surprising because all test problems were additively decomposable
and it has been argued that to effectively solve additively decomposable problems, recombination
must often exploit problem structure to ensure proper mixing and juxtaposition of important
partial solutions (Thierens, 1999; Goldberg, 2002). GA with uniform crossover was slightly better
than other algorithms only on one problem, which contains little structure. The more regular the
structure of the problem was, the better hBOA and GA with network crossover performed.
Network crossover received information about the structure of the problem on input. That is
why it is expected that GA with network crossover would typically outperform hBOA, which must
learn the problem structure on its own. Nonetheless, the results were somewhat surprising because
in most cases, hBOA showed superior scaling of execution times with problem size. This is in spite
of the fact that hBOA is given no information about the structure of the problem on input and it
is required to obtain such information itself.
While there is no doubt that using information about the structure of the problem can help
in solving many difficult optimization problems more efficiently, learning the problem structure
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Figure 5: Results on the one-dimensional SK spin glass with power-law interactions, σ = 2.
Table 1: Results on the general SK spin glasses. The table includes the best found value of m for
network crossover.
Size
Algorithm
Evaluations Execution time Number of DHC flips
300
hBOA
6,615
27.1
284,482
300 GA with uniform crossover
11,579
13.5
53,0150
300
GA with netx, m = 3
9,028
10.8
45,0834
400
hBOA
30,021
215.5
1,236,547
400 GA with uniform crossover
26,601
56.8
1,767,551
400
GA with netx, m = 3
32,672
66.7
2,077,639
is a computationally intensive task. That is why it should certainly be beneficial if one could
incorporate prior problem-specific knowledge into the GA if such knowledge is available, and use
specialized crossover operators such as the network crossover discussed here. However, the mixed
results presented in this paper show that this is certainly not a straightforward task, and that there
are several questions that must be addressed in future research in this area.
Most importantly, future research in this area should examine whether the mixed results are a
consequence of using two-parent recombination as opposed to gene-pool recombination, or whether
the main reason for these results was in the specific dependencies used for constructing masks
in network crossover. Variations of network crossover should also be explored, using different
approaches for constructing network masks. Finally, GA with network crossover should be tested
on additional classes of problems.
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